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dƌĞĂƚŵĞŶƚ EŽŵŝŶĂů DĞĂƐƵƌĞĚͬƐƚŝŵĂƚĞĚ EŽŵŝŶĂů DĞĂƐƵƌĞĚͬƐƚŝŵĂƚĞ
ŽŶƚƌŽů Ϭ Ϭ͘ϬϬĂ Ϭ Ϭ͘ϬϬĂ
ŽƉƉĞƌϭ Ϭ͘ϭϯ Ϭ͘ϭϮď Ϭ͘Ϯϱ Ϭ͘Ϯϱď
ŽƉƉĞƌϮ Ϭ͘Ϯϱ Ϭ͘Ϯϯď Ϭ͘ϱ Ϭ͘ϰϵď
ŽƉƉĞƌϯ Ϭ͘ϱ Ϭ͘ϰϱď ϭ Ϭ͘ϵϵď
ŽƉƉĞƌϰ ϭ Ϭ͘ϵϭď Ϯ͘ϱ Ϯ͘ϬϬ
ŽƉƉĞƌϱ Ϯ͘ϱ Ϯ͘ϱϯ ϱ ϰ͘ϱϭ
ŽƉƉĞƌϲ ϱ ϰ͘ϳϴ ϭϬ ϭϬ͘Ϯϯ






















































































































































dĞƐƚ EK >K /ϭϬц^ /ϱϬц^
ϭ   ϭ͘ϲцϬ͘Ϯϱ ϰ͘ϭϰцϬ͘Ϭϳ
Ϯ Ϯ ϰ͘ϱϭ Ϯ͘ϮϱцϬ͘Ϭϯ ϯ͘ϰϯцϬ͘Ϭϰ
















































































































































































































































ZĞŐŝŽŶ ^ƉĞĐŝĞƐ /ϱϬ;ђŐͬ>Ϳ ^ƚƵĚǇ
dĞŵƉĞƌĂƚĞ /ƐŽĐŚƌǇƐŝƐŐĂůďĂŶĂ ϱϴ ĞďĞůŝƵƐĞƚĂů͘;ϮϬϬϵͿ
  ϭϭϬʹϭϬϬϬ tŝůƐŽŶĂŶĚ&ƌĞĞďƵƌŐ
;ϭϵϴϬͿ
  ϰϮϬϬ ^ĂƚŽŚĞƚĂů͘;ϮϬϬϱͿ





 EŝƚǌƐĐŚŝĂĐůŽƐƚĞƌŝƵŵ ϰϬ :ŽŚŶƐŽŶĞƚĂů͘;ϮϬϬϳͿ


































































































































































































































































































































































































































































































































































































































































































 ŽƉƉĞƌ ĂĚŵŝƵŵ ŝŶĐ >ĞĂĚ EŝĐŬĞů
>ͬ





ϯϯ;ϮϲͿ Ϯϭ;ϮϬͿ Ϯϵϵ;ϭϮϬͿ ϭϰϳ;ϲϰͿ Ͳ ϭϴϱ;ϳͿ
ϮϮϵ













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































ŽƉƉĞƌ Ϯ͘ϳ ϭϬϬ ϴϱ;Ϯ͘ϰͿ ϴϱ;ϭ͘ϯͿ
 ϮϬϬ ϭϳϳ;ϰ͘ϮͿ ϭϳϬ;ϰ͘ϰͿ
 ϰϬϬ ϯϳϳ;ϭϰ͘ϵͿ ϯϰϳ;ϳ͘ϴͿ
 ϴϬϬ ϳϲϲ;ϯϴͿ ϳϭϰ;ϭϰ͘ϰͿ
ĂĚŵŝƵŵ Ϭ͘ϳ ϭϬϬ ϭϬϴ;ϭͿ ϭϬϲ;ϭ͘ϮͿ
 ϮϬϬ ϮϮϯ;ϰ͘ϲͿ Ϯϭϱ;ϭ͘ϴͿ
 ϰϬϬ ϰϯϵ;ϱ͘ϮͿ ϰϯϯ;ϯ͘ϬͿ
 ϴϬϬ ϴϳϭ;ϭϮ͘ϱͿ ϴϳϴ;ϴ͘ϳͿ
 ϭϮϬϬ Ͳ ϭϯϬϲ;ϲ͘ϮͿ
ŝŶĐ ϭ͘ϭ ϮϱϬ Ϯϯϳ;Ϯ͘ϴͿ ϮϮϳ;ϭ͘ϵͿ
 ϱϬϬ ϰϳϭ;ϯ͘ϴͿ ϰϯϰ;ϭϲ͘ϯͿ
 ϭϬϬϬ ϵϭϴ;ϴ͘ϭͿ ϵϵϯ;ϳϮ͘ϴͿ
 ϮϬϬϬ ϭϴϬϬ;ϵϲͿ ϭϴϭϲ;Ϯϭ͘ϱͿ
EŝĐŬĞů Ϯ͘ϲ ϭϬϬ ϵϯ;ϭͿ ϵϰ;ϭ͘ϲͿ
 ϮϬϬ ϭϴϴ;ϭ͘ϰͿ ϭϴϯ;Ϯ͘ϮͿ
 ϰϬϬ ϯϴϭ;ϯ͘ϴͿ ϯϲϲ;ϯ͘ϰͿ
 ϴϬϬ ϳϲϰϳ͘ϮͿ ϳϯϮ;ϳ͘ϴͿ
 ϭϮϬϬ Ͳ ϭϭϮϯ;ϰϯ͘ϵͿ
>ĞĂĚ ϴ͘ϳ ϭϬϬ ϵϬ;Ϯ͘ϭͿ ϴϱ;ϭ͘ϳͿ
 ϮϬϬ ϭϳϴ;ϯ͘ϳͿ ϭϴϭ;ϭ͘ϰͿ
 ϰϬϬ ϯϲϯ;ϱ͘ϮͿ ϯϰϯ;ϯ͘ϭͿ
 ϴϬϬ ϳϭϬ;ϭϮ͘ϱͿ ϲϳϰ;ϴ͘ϵͿ











































































ŽƉƉĞƌ ĂĚŵŝƵŵ ŝŶĐ >ĞĂĚ































































































































































































































  >ϱϬ;ђŐͬ>Ϳ 
^ƉĞĐŝĞƐ ĂǇ ŽƉƉĞƌ ĂĚŵŝƵŵ ŝŶĐ >ĞĂĚ EŝĐŬĞů ^ƚƵĚǇ
WĂƌĂŵŽĞƌĂǁĂůŬĞƌŝ

ϭϰ Ϯϴϴ;ϭϱͿ ϱϭϵ;ϭϲϴͿ Ͳ Ͳ Ͳ dŚŝƐƐƚƵĚǇ














































































































































































































































































































































































































^ƉĞĐŝĞƐ DĞƚĂů ĂǇ /ͬ>ϭϬ /ͬ>ϱϬ
WŚĂĞŽĐǇƐƚŝƐĂŶƚĂƌĐƚŝĐĂ ŽƉƉĞƌ ϳ͘ϱ ϭ͘ϵϮ ϯ͘ϳϴ
WĂƌĂŵŽĞƌĂǁĂůŬĞƌŝũƵǀĞŶŝůĞ ŽƉƉĞƌ ϰ Ϯϵϱ ϭϲϲ
 ϳ ϯϯϳ ϯϮϱ
WĂƌĂŵŽĞƌĂǁĂůŬĞƌŝĂĚƵůƚ ŽƉƉĞƌ ϰ ϱϱϭ Ͳ
 ϳ ϰϭϰ Ͳ
 ϭϰ ϵϴ ϯϰϯ
ĂĚŵŝƵŵ ϭϰ ϮϬϬ ϯϰϲ
ŝŶĐ Ϯϭ ϭϴϱ ϭϬϬϱ
>ĞĂĚ Ϯϭ ϮϮϵ Ͳ
EŝĐŬĞů Ϯϭ ϮϯϮ Ͳ
KƌĐŚŽŵĞŶĞůůĂƉŝŶŐƵŝĚĞƐ ŽƉƉĞƌ ϭϬ ϭϵϳ ϰϰϭ
 ϭϰ ϵϴ Ϯϭϴ
ĂĚŵŝƵŵ ϭϰ ϯϬϱ ϴϵϲ
 Ϯϭ ϭϮϯ ϯϲϮ
>ĞĂĚ Ϯϭ ϵϳ ϱϵϲ
^ŬĞŶĞůůĂƉĂůƵĚŝŽŶŽŝĚĞƐ ŽƉƉĞƌ Ϯϭ ϵϯ Ϯϯϭ
ŝŶĐ Ϯϭ ϴϮϰ ϭϮϭϳ
ĂĚŵŝƵŵ Ϯϴ ϵϴϮ ϭϬϵϭ
ďĂƚƵƐƐŚĂĐŬĞůƚŽŶŝ ŽƉƉĞƌ ϭϰ ϲϬϭ ϭϳϬ
dƌǇƉŚŽƐĞůůĂŵƵƌƌĂǇŝ ŽƉƉĞƌ ϭϰ Ϯϰϯ ϰϯϮ
 Ϯϭ ϭϲϮ Ϯϯϴ











































































































































































































































































































































































































































































































































































































































































































































































































































































ƉĞƌŝŽĚ݅ŝƐĚĞĨŝŶĞĚĂƐƐƚĂƌƚŝŶŐĂƚƚŝŵĞ ijt ĂŶĚĞŶĚŝŶŐĂƚƚŝŵĞ 1,i jt + ǁŚĞƌĞ
1, , ji I= … ĂŶĚ 1, ,j J= … ͘dŚĞůĞŶŐƚŚŽĨƚŝŵĞƉĞƌŝŽĚ i ŝƐ 1,i j ijt t+ − ǁŚŝĐŚŝŶ
ŵŽƐƚďŝŽĂƐƐĂǇƐǁŝůůďĞĂĐŽŶƐƚĂŶƚƚŝŵĞƉĞƌŝŽĚĂĐƌŽƐƐŽďƐĞƌǀĞĚ;ŝ͘Ğ͘ĐĞŶƐŽƌŝŶŐͿ
ƚŝŵĞƐĂŶĚĐŽŶĐĞŶƚƌĂƚŝŽŶůĞǀĞůƐďƵƚƚŚĞŵĞƚŚŽĚĚĞƐĐƌŝďĞĚŚĞƌĞĂůůŽǁƐƚŚĞƐĞ
ƉĞƌŝŽĚƐƚŽǀĂƌǇ͘dŚĞǀĂƌŝĂďůĞƉĞƌŝŽĚůĞŶŐƚŚ͕ 1,ij i j ijt t t+Δ = − ĂŶĚƉĞƌŝŽĚŵŝĚͲƉŽŝŶƚ











= −¦ ĨŽƌ 2, , ji I= … ĂŶĚ 1 j jN M= ͘
KďƐĞƌǀĞĚǀĂůƵĞƐŽĨ ijn ƚŚĂƚĂƌĞǌĞƌŽĂƌĞŝŶĐůƵĚĞĚŝŶƚŚĞĨŝƚĂƐůŽŶŐĂƐƚŚĞ
ĐŽƌƌĞƐƉŽŶĚŝŶŐǀĂůƵĞŽĨ ijN ŝƐŐƌĞĂƚĞƌƚŚĂŶǌĞƌŽ͘sĂůƵĞƐŽĨ ijn ĂŶĚ ijN ǁŚĞƌĞ ijN ŝƐ
ǌĞƌŽĂƌĞƚŚĞƌĞĨŽƌĞĞǆĐůƵĚĞĚĨƌŽŵƚŚĞĨŝƚƐŝŶĐĞƚŚĞǇĂƌĞŶŽƚŝŶĨŽƌŵĂƚŝǀĞƐŝŶĐĞƚŚĞ
ŶƵŵďĞƌŽĨĂŶŝŵĂůƐĂƚƌŝƐŬŝƐǌĞƌŽ͘ƐĂƌĞƐƵůƚƚŚĞŶƵŵďĞƌŽĨŽďƐĞƌǀĞĚƉĞƌŝŽĚŝĐ
ŵŽƌƚĂůŝƚŝĞƐŵĂǇďĞůĞƐƐĨŽƌŚŝŐŚĞƌĐŽŶĐĞŶƚƌĂƚŝŽŶƐ;ŝ͘Ğ͘ jI ĚĞƉĞŶĚƐŽŶ j Ϳ͘

dŚĞƉƌŽďĂďŝůŝƚǇ͕ ijp ͕ĚĞĨŝŶĞĚĂƐƚŚĞĞǆƉĞĐƚĞĚǀĂůƵĞŽĨ /ij ijn N ŝƐĚĞĨŝŶĞĚďǇƚŚĞ
ŵŽĚĞůĂƐ












ǁŝƚŚĂďŝŶŽŵŝĂůĚŝƐƚƌŝďƵƚŝŽŶĨŽƌ ijn ĐŽŶĚŝƚŝŽŶĂůŽŶƚŚĞƚŽƚĂů ijN ͕ĐŽŵƉůĞŵĞŶƚĂƌǇ
ůŽŐͲůŽŐůŝŶŬĨƵŶĐƚŝŽŶĂŶĚ͞ŽĨĨƐĞƚ͟ŽĨ ( ).ijln tΔ /Ĩ ( ),  ijs t k′ ŝƐƌĞƉůĂĐĞĚďǇĂ
ƉĂƌĂŵĞƚƌŝĐĨƵŶĐƚŝŽŶŽĨƚŝŵĞƐƵĐŚĂƐĂƋƵĂĚƌĂƚŝĐ͕ ( ) 22 3ij ij ijs t t tβ β ′+′ ′= ŽƌĂƐŝŵƉůĞ
ŵŽŶŽƚŽŶŝĐĂůůǇŝŶĐƌĞĂƐŝŶŐĨƵŶĐƚŝŽŶŽĨƚŝŵĞƐƵĐŚĂƐ ( ) ( )2ij ijs t ln tβ′ ′= ͕ƚŚĞŶDŽĚĞů
;ϭͿĐĂŶďĞĨŝƚƚĞĚĂƐĂ'ĞŶĞƌĂůŝǌĞĚ>ŝŶĞĂƌDŽĚĞů;'>DͿ;DĐƵůůĂŐŚĂŶĚEĞůĚĞƌ͕
ϭϵϴϵͿ͘'ŝǀĞŶƚŚĞĐĂƐĞǁŚĞƌĞƚŚĞƐĂŵĞƚŝŵĞƉŽŝŶƚƐĂƌĞŽďƐĞƌǀĞĚĨŽƌĞĂĐŚ
ĐŽŶĐĞŶƚƌĂƚŝŽŶůĞǀĞů͕ ij it t= ƚŚĞŶďǇƐƉĞĐŝĨǇŝŶŐƚŚĞƐĞƚŝŵĞƉŽŝŶƚƐĂƐĂĚŝƐĐƌĞƚĞ
ĐĂƚĞŐŽƌŝĐĂůǀĂƌŝĂďůĞ;ŝ͘Ğ͘ĨĂĐƚŽƌͿĂŶĚƌĞƉůĂĐŝŶŐƚŚĞƚĞƌŵ ( ),  ijs t k′ ďǇƚŚĞƐĞƚŽĨ
ĚƵŵŵǇǀĂƌŝĂďůĞƐƌĞƉƌĞƐĞŶƚŝŶŐƚŚĞƚŝŵĞĨĂĐƚŽƌĐŽŵďŝŶĞĚǁŝƚŚĐŽƌƌĞƐƉŽŶĚŝŶŐ
ƉĂƌĂŵĞƚĞƌƐ͕ĞǆĐůƵĚŝŶŐƚŚĞĨŝƌƐƚƚŝŵĞƉŽŝŶƚǁŚŝĐŚŝƐƐƉĞĐŝĨŝĞĚďǇ 0β ͕ƚŚŝƐĚĞĨŝŶĞƐ









ƉƌŽďĂďŝůŝƚǇĚĞŶƐŝƚǇĨƵŶĐƚŝŽŶĨŽƌƚŚĞĞǆĂĐƚƐƵƌǀŝǀĂůƚŝŵĞƐ͕ĂŶĚ ( ) ( )1S t F t= − 
ǁŚĞƌĞ ( ) ( )
0
t
F t f dτ τ= ³ ŝƐƚŚĞĐƵŵƵůĂƚŝǀĞĚĞŶƐŝƚǇĨƵŶĐƚŝŽŶ͘ƐƐƵŵŝŶŐĂůŽŐͲ
ůŝŶĞĂƌ;ŝ͘Ğ͘ƉƌŽƉŽƌƚŝŽŶĂůŚĂǌĂƌĚƐͿŵŽĚĞůĨŽƌƚŚĞŚĂǌĂƌĚĨƵŶĐƚŝŽŶƚŚĞŶ

( ) ( ) ( )0 1jh t t exp e Cβ βλ= ͘
^ŝŶĐĞ
( ) ( ){ }0 1 tjS t exp e C dβ β λ τ τ
−∞
= − ³ 
ŝĨ
( )
( ) ( ){ }1,0 11,1 1 i jijti jij j tijS tP exp e C dS t β β λ τ τ++= − = − − ³ 

ĂŶĚ ( ) ( ){ }t exp s tλ = ͕ƚŚĞŶ ijp ĨƌŽŵƋƵĂƚŝŽŶ;ϭͿŝƐĂŶĂƉƉƌŽǆŝŵĂƚŝŽŶƚŽ ijP ĨŽƌ
ŐĞŶĞƌĂůĨƵŶĐƚŝŽŶ ( )s τ ǀŝĂƚŚĞŵŝĚͲƉŽŝŶƚƌƵůĞƐŝŶĐĞ




exp s d t exp s tτ τ+ ′≅ Δ³ ͘EŽƚĞƚŚĂƚŝĨ ( ) ( )2s t ln tβ= ƚŚĞŶĞǆĂĐƚ
ƐƵƌǀŝǀĂůƚŝŵĞƐŚĂǀĞĂtĞŝďƵůůĚŝƐƚƌŝďƵƚŝŽŶǁŝƚŚƐŚĂƉĞƉĂƌĂŵĞƚĞƌ 2 1β + ;ŝƚŬĞŶ









( ) { }0 11 1 jS C exp e Cβ β′− = − − ǁŚŝĐŚĐŽƌƌĞƐƉŽŶĚƐƚŽĂtĞŝďƵůůĚŝƐƚƌŝďƵƚŝŽŶǁŝƚŚ











ƚĞƌŵ ( ),ijs t k′ ŝŶƋƵĂƚŝŽŶ;ϭͿĂůůŽǁƐĂĨůĞǆŝďůĞƐŚĂƉĞĨŽƌ ( ){ }log tλ ǁŝƚŚŝŶĂŐŝǀĞŶ
ƉĞƌŝŽĚ͘dŚĞĂƉƉƌŽǆŝŵĂƚŝŽŶŽĨ ijP ďǇ ijp ǁŝůůďĞĂĐĐƵƌĂƚĞĞŶŽƵŐŚĨŽƌƉƌĂĐƚŝĐĂů
ƉƵƌƉŽƐĞƐĂƐůŽŶŐĂƐ ( )tλ ŝƐĂƉƉƌŽǆŝŵĂƚĞůǇůŝŶĞĂƌŽǀĞƌƚŚĞƚŝŵĞƌĂŶŐĞŽĨĞĂĐŚ
ƉĞƌŝŽĚǁŝƚŚǁŝĚƚŚƐŽĨ ijtΔ ͕ĞŝƚŚĞƌĚƵĞƚŽ ( ) tλ ďĞŝŶŐǁĞůůĂƉƉƌŽǆŝŵĂƚĞĚďǇ
( ) ( )s t ln t= ŽǀĞƌƚŚĞǁŚŽůĞƚŝŵĞƌĂŶŐĞŽƌ͕ĨŽƌŐĞŶĞƌĂů ( )tλ ͕ĚĞƉĂƌƚƵƌĞĨƌŽŵ
ůŝŶĞĂƌŝƚǇŝƐƌĞůĂƚŝǀĞůǇƐŵĂůůǁŝƚŚŝŶĞĂĐŚƉĞƌŝŽĚ͘EŽƚĞƚŚĂƚƚŚŝƐĨůĞǆŝďůĞĨƵŶĐƚŝŽŶ





































ƌĞĂƚŝŶŐĂĨĂĐƚŽƌǀĞƌƐŝŽŶŽĨĐŽŶĐĞŶƚƌĂƚŝŽŶůĞǀĞů͕ ( )FjC ͕ĂŶĚĂĨĂĐƚŽƌǀĞƌƐŝŽŶŽĨ





ƐƉĞĐŝĨŝĞĚĂƐ ( ) ( ):F Fj iC t ĐĂŶďĞƐƉĞĐŝĨŝĞĚĂƐĂƌĂŶĚŽŵĞĨĨĞĐƚƚĞƌŵĂŶĚĂĚĚĞĚƚŽƚŚĞ
ůŝŶĞĂƌƉƌĞĚŝĐƚŽƌŽĨŵŽĚĞů;ϭͿƚŽŐŝǀĞŵŽĚĞů;ϮͿ






  ijν ŝƐĂƐĞƚŽĨƌĂŶĚŽŵĞĨĨĞĐƚƐǁŚŝĐŚĂƌĞĂƐƐƵŵĞĚŝŶĚĞƉĞŶĚĞŶƚ͕ŶŽƌŵĂůůǇ
ĚŝƐƚƌŝďƵƚĞĚǁŝƚŚŵĞĂŶǌĞƌŽĂŶĚĐŽŵŵŽŶǀĂƌŝĂŶĐĞ 2νσ ͘/ĨƚŚĞƚŝŵĞƉŽŝŶƚƐĂƌĞŶŽƚ
ƚŚĞƐĂŵĞĂĐƌŽƐƐĐŽŶĐĞŶƚƌĂƚŝŽŶůĞǀĞůƐƚŚĞŶĂĨĂĐƚŽƌĚĞĨŝŶŝŶŐƚŚĞƵŶŝƋƵĞ
ĐŽŵďŝŶĂƚŝŽŶƐŽĨ ( )FjC ĂŶĚ ijt ƐŚŽƵůĚƌĞƉůĂĐĞ










ĞĨĨĞĐƚƐĞƐƚŝŵĂƚĞƐ͕ĂŶĚĂŶĞƐƚŝŵĂƚĞŽĨ  νσ ͘dŚĞůŝŶĞĂƌĂŶĚŶŽŶůŝŶĞĂƌĐŽŵƉŽŶĞŶƚƐ



























ďŝŽĂƐƐĂǇƐƐŽƚŚĞĨĂĐƚŽƌ ( )FlE ͕ 1, , , l L= … ŝƐĚĞĨŝŶĞĚĂƐĂƚǁŽͲůĞǀĞůĨĂĐƚŽƌƐŽƚŚĂƚ
2L= ͘KŶĞǁĂǇƚŽŵŽĚĞůƚŚĞĞĨĨĞĐƚŽĨŝŽĂƐƐĂǇŝƐƚŽƚƌĞĂƚ ( )FlE ĂƐĂĨŝǆĞĚͲĞĨĨĞĐƚ
ĨĂĐƚŽƌƚŽŐŝǀĞ

( ) ( ) ( )
( ) ( ) ( )( ) ( ) ( )
0 0 1
1
    
1
: ,  :
F
ijl l l jl
ijl F F F F
l l jl ijl l ijl jl il
ln t E ln C
p exp exp
E ln C s t E k C t
β α β
α ν
ª º­ ½Δ + + +° °« »






EŽƚĞƚŚĂƚƚŚĞƌĂŶĚŽŵĞĨĨĞĐƚƐ͕{ }, ijlν ĂƌĞĞǆƚĞŶĚĞĚƚŽŝŶĐůƵĚĞůĂĐŬŽĨĨŝƚĂĐƌŽƐƐĂƐ
ǁĞůůĂƐǁŝƚŚŝŶďŝŽĂƐƐĂǇƐĂŶĚƚŚĂƚĐŽŶĐĞŶƚƌĂƚŝŽŶůĞǀĞůƐĂŶĚƚŝŵĞƉŽŝŶƚƐĚŽŶŽƚ
ŚĂǀĞƚŽďĞƚŚĞƐĂŵĞĂĐƌŽƐƐďŝŽĂƐƐĂǇƐ͘ůƐŽƚŚĞ 0 , 2, ,l l Lα = … ͕ĂŶĚ
1 , 2, ,l l Lα = … ĂƌĞĨŝǆĞĚƉĂƌĂŵĞƚĞƌƐƚŽďĞĞƐƚŝŵĂƚĞĚ͕ĂŶĚƚŚĞƐŵŽŽƚŚŝŶŐƐƉůŝŶĞ




( ),ijls t k′ ͘ƐŝŵƉůĞǁĂǇƚŽŽďƚĂŝŶůĞƚŚĂůĐŽŶĐĞŶƚƌĂƚŝŽŶĞƐƚŝŵĂƚĞƐ;ĂƐĚĞƐĐƌŝďĞĚ
ůĂƚĞƌͿďǇĂǀĞƌĂŐŝŶŐĂĐƌŽƐƐďŝŽĂƐƐĂǇƐŝƐƚŽĨŝƚƚŚĞ 0 , 1, ,l l Lα = … ͕ĂŶĚ




ǀĂƌŝĂŶĐĞƐŽĨ 20σ ĂŶĚ 21σ ͕ƌĞƐƉĞĐƚŝǀĞůǇ͕ĂŶĚĐŽǀĂƌŝĂŶĐĞ 01σ ͘EŽƚĞƚŚĂƚgammĚŽĞƐ




















ĞǆƉŽƐƵƌĞŝƐŐŝǀĞŶďǇ ( ) 1* 1
1
i










ĞƐƚŝŵĂƚĞĚ͘dŚĞƌĞĨŽƌĞƚŚĞƚĞƌŵƐ ( ) ( )1 ,j ijln C s t kβ ′+ ŝŶDŽĚĞů;ϮͿĂƌĞƌĞƉůĂĐĞĚďǇ
( )( )1 ,ijs C kβ′ ĂŶĚƚŚĞŽĨĨƐĞƚ ( )ijln tΔ ŝƐƌĞƉůĂĐĞĚďǇĂŶŽĨĨƐĞƚŽĨ ( ){ }* 1ijln C βΔ 
ǁŚĞƌĞ ( )1ijC β′ ŝƐƚŚĞŵŝĚͲƉŽŝŶƚǀĂůƵĞŽĨ ( )* 1ijC β ďĞƚǁĞĞŶǀĂůƵĞƐĨŽƌƚŝŵĞƉŽŝŶƚƐ
ŝŶĚĞǆĞĚďǇ i ĂŶĚ 1i + ͘dŚŝƐŝŶĞĨĨĞĐƚƌĞƉůĂĐĞƐƚŚĞŵŝĚͲƉŽŝŶƚĂƉƉƌŽǆŝŵĂƚŝŽŶƚŽ
ƚŚĞůŽŐŽĨƚŚĞŝŶƚĞŐƌĂůŽĨƚŚĞŚĂǌĂƌĚĨŽƌĂƚŝŵĞƐĐĂůĞŽĨĚĂǇƐƚŽĂƚŝŵĞƐĐĂůĞŽĨ
ĐƵŵƵůĂƚŝǀĞĞǆƉŽƐƵƌĞ͘EŽƚĞƚŚĂƚĞǀĞŶŝĨ ij jC C= ;ŝ͘Ğ͘ĐŽŶĐĞŶƚƌĂƚŝŽŶƐĚŽŶŽƚǀĂƌǇ
ŽǀĞƌƚŝŵĞͿ ( )( )1 ,ijs C kβ′ ŝƐŶŽƚĞƋƵŝǀĂůĞŶƚƚŽ ( ) ( )1 ,j ijln C s t kβ ′+ ƐŝŶĐĞĂůƚŚŽƵŐŚ
ƚŚĞƌĞŝƐŶŽǀĂƌŝĂƚŝŽŶƚŚƌŽƵŐŚƚŝŵĞƚŚĞƌĞŝƐǀĂƌŝĂƚŝŽŶĂĐƌŽƐƐĐŽŶĐĞŶƚƌĂƚŝŽŶůĞǀĞůƐ











′ = Δ − Δ¦ ĂŶĚŶŽƚũƵƐƚĂĐƌŽƐƐ ijt′ ͘^ŽĂƐǁĞůůĂƐ
ĂĐĐŽƵŶƚŝŶŐĨŽƌƚŝŵĞͲǀĂƌǇŝŶŐĐŽŶĐĞŶƚƌĂƚŝŽŶƐƚŚŝƐŵŽĚĞůďĂƐĞĚŽŶĂĂůŝďƌĂƚĞĚ

























( ) ( ) ( ) ( ) ( ){ }0 11   ,   :F Fijl ijl jl ij ijl jl ilp exp exp ln t ln C s t k C tβ β νª º′= − − Δ + + + +¬ ¼ ͘ ȋͶȌ


















ƐĞĐŽŶĚůǇ͕ŽďƚĂŝŶŝŶŐ ( )iS t ƌĞƋƵŝƌĞƐƌĞĐƵƌƐŝǀĞƵƐĞŽĨƚŚĞĞƋƵĂƚŝŽŶĨŽƌ ˆijlp ĂƐ
ĚĞƐĐƌŝďĞĚŶĞǆƚ͘

dŽĞƐƚŝŵĂƚĞ ( )j iS t′ ′ ĨƌŽŵĂƐĞƚŽĨƉƌĞĚŝĐƚĞĚǀĂůƵĞƐŽĨ ( )ˆ j ip t′ ′ ĨƌŽŵĨŽƌĞǆĂŵƉůĞ
ŵŽĚĞů;ϮͿ͕ĂƐĂŐĞŶĞƌĂůĨƵŶĐƚŝŽŶŽĨƚŝŵĞĂŶĚĐŽŶĐĞŶƚƌĂƚŝŽŶůĞǀĞů΀ŝ͘Ğ͘ƌĞƉůĂĐŝŶŐ
 ijt′ ǁŝƚŚĂŶǇƐĞƚŽĨƐĞƋƵĞŶƚŝĂůĐŽŶĐĞŶƚƌĂƚŝŽŶůĞǀĞůƐ͕ jC ′ ͕ŝŶĚĞǆĞĚďǇ 1, ,j J′ ′= … 
ĐŽŵďŝŶĞĚǁŝƚŚĂŶǇƐĞƚŽĨƐĞƋƵĞŶƚŝĂůƚŝŵĞƉŽŝŶƚƐ͕ it ′ ͕ŝŶĚĞǆĞĚďǇ 1, ,i I′ ′= … ŝŶ
ƚŚĞŵŽĚĞůĨŽƌ ijp ΁͕ǁŚĞƌĞ ( )ˆ j ip t′ ′ ŝƐŽďƚĂŝŶĞĚĨƌŽŵƚŚĞpredictĨƵŶĐƚŝŽŶŝŶƚŚĞ
mgcv ůŝďƌĂƌǇ͕ƚŚĞŶ ( )j iS t′ ′ ŝƐŐŝǀĞŶďǇ

( ) ( )ˆ ,                                                 1j i j iS t p t i′ ′ ′ ′ ′= = 
( ) ( )1
1
ˆ
               1 ,          2, , 1
i
j h j i
h




































dŚĞ>ϭϬĐĂŶďĞĨŽƵŶĚďǇƐĞĂƌĐŚŝŶŐƚŚĞĐŽƌƌĞƐƉŽŶĚŝŶŐŐƌŝĚŽĨǀĂůƵĞƐŽĨ ( )j iS t′ ′ 




( )ˆ j ip t′ ′ ǁŝƚŚ ( ){ }ˆˆ1 exp exp 2j it SEηη ′ ′ª º− − +¬ ¼ ĨŽƌƚŚĞƵƉƉĞƌĂŶĚ































































































l lBα ĂŶĚ ( ) ( )1 Fl l jlB ln Cα ƚŽŵŽĚĞů;ϰͿǁŚŝĐŚŝŶǀŽůǀĞƐĂĚĚŝƚŝŽŶŽĨ
ϮƉĂƌĂŵĞƚĞƌƐ 02 12( , )α α ͘^ŝŶĐĞ 01α ĂŶĚ 11α ĂƌĞ͚ĂůŝĂƐĞĚ͛ǁŝƚŚ 01 0β β= ĂŶĚ
11 1β β= ͕ƌĞƐƉĞĐƚŝǀĞůǇ͕ƚŚĞƉĂƌĂŵĞƚĞƌƐ 02 12( , ) α α ƌĞƉƌĞƐĞŶƚĚŝĨĨĞƌĞŶĐĞƐĨƌŽŵƚŚĞ
ďŝŽĂƐƐĂǇͲƐƉĞĐŝĨŝĐƉĂƌĂŵĞƚĞƌƐ;ŝ͘Ğ͘ 02 02 01 12 12 11, α β β α β β= − = − Ϳ͘dŚĞgamm
ƐǇŶƚĂǆĨŽƌƚŚŝƐŵŽĚĞůŝƐ
 
gamm.01 <- gamm(formula = BinY ~ offset(Day.inc.off) + LogConc + 







BinY= /ijl ijln N , Day.inc.off= ( )  ijln tΔ , LogConc= ( )jlln C , Bioassay_f=
( )F
lB  Day.mid= ijt′ , Concxday.f=
( ) ( ):F Fjl ilC t , Nbin= ijN . 
 
dŚĞĞƐƚŝŵĂƚĞƐŽĨƉĂƌĂŵĞƚĞƌƐĨŽƌƚŚŝƐŵŽĚĞůǁĞƌĞ
0  24.45 (SE 1.51,  P 0.001) β = − = < ͕ 02 9.24 (SE 1.99,  P 0.001)   α = = < ͕
1 3.23 (SE 0.26,  P 0.001)β = = < ͕ 12 1.29 (SE 0.34,  P 0.001) α = − = < ͕ĂŶĚ
1.23νσ = ͘dŚĞƌĞĨŽƌĞƚŚĞƌĞŝƐĂƐŝŐŶŝĨŝĐĂŶƚĚŝĨĨĞƌĞŶĐĞďĞƚǁĞĞŶďŝŽĂƐƐĂǇƐŝŶ
ƉĞƌŝŽĚŝĐŵŽƌƚĂůŝƚǇŽǀĞƌĐŽŶĐĞŶƚƌĂƚŝŽŶƐĂŶĚƚŝŵĞ͘EŽƚĞƚŚĂƚƚŚĞŵĂǆŝŵĂůĨŝǆĞĚ
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&ŝŐ͘ϲ'DDƐƉůŝŶĞ͕ ( ){ }1ˆ ,ijs C kβ′ ͕ĨŽƌĂůŝďƌĂƚĞĚƵŵƵůĂƚŝǀĞǆƉŽƐƵƌĞ;Ϳ
ǁŝƚŚ 1




( ),ijs t k′ ƐŚŽǁŶŝŶ&ŝŐƵƌĞϮƵƐŝŶŐĚĂŝůǇƚŝŵĞƐƚĞƉƐ;ŝ͘Ğ͘ŵŝĚƉŽŝŶƚƌƵůĞǁŝƚŚ ' 1i jtΔ = 
ͿĐŽŵƉĂƌĞĚƚŽƚŚĂƚŽĨƚŚĞĂĐƚƵĂůŽďƐĞƌǀĂƚŝŽŶƚŝŵĞƉĞƌŝŽĚƐ
 ijtΔ ŽĨϯĚ͕ĂŶĚĨŽƌ































&ŽƌĞǆĂŵƉůĞ͕ĨŽƌƚŚĞϯĚĐŽŵƉĂƌŝƐŽŶƚŚŝƐĂƉƉƌŽǆŝŵĂƚŝŽŶŝƐ ( )3 ,j ij
j j




′® ¾° °¯ ¿¦ ĨŽƌ















































































































































































































































































ĐŽŶĐĞŶƚƌĂƚŝŽŶĂŶĚĞǆƉŽƐƵƌĞƉĞƌŝŽĚ͕ ( )j iS t′ ′ ĨƌŽŵĞƋƵĂƚŝŽŶ;ϱͿ͕ŝƐƌĞƉůĂĐĞĚďǇ
( ) ( )0/j i iS t S t′ ′ ′ ǁŚĞƌĞ ( )0 iS t ′ ŝƐƉƌĞĚŝĐƚĞĚƐƵƌǀŝǀĂůƉƌŽďĂďŝůŝƚǇĨŽƌĐŽŶƚƌŽůƐƚŽ




































































































































































ϰ ϳ ϭϰ Ϯϭ Ϯϴ ϯϱ
ŽƉƉĞƌ








ϭϬ ϳϵϮ ϱϬϭ ϰϲϱ ϰϰϮ ϰϰϱ




ϭϬ ϭϯϵϬ ϰϱϳ ϯϭϵ;ϭϲϯͲϰϯϭͿ ϭϵϲ;ϭϭϰͲϮϱϰͿ





























































































































































































ϭϬ ϰϯ;ϬʹϭϮϬͿ ϭϯ;ϮʹϮϳͿ ϭϬ;ϬʹϮϭͿ







































































































ϭϬ Ϯϯ;ϳʹϯϵͿ ϭϲ;ϯʹϯϬͿ Ϯ;ϬʹϭϮͿ




































































































































































































































































































































































ϯ ϲ ϵ ϭϮ ϭϱ ϭϴ Ϯϭ Ϯϰ Ϯϳ ϯϬ
ŽƉƉĞƌ
;ђŐͬ>Ϳ
ϭϬ ϭϱϱ ϭϮ ϰ ϭϭ

ϯ ϭϬ ϵ  





ϭϰϰϰ ϲϯϯ ϰϳϵ Ϯϳϱ ϭϱϵ ϵϭ ϵϲ ϲϯ ϱϮ
ϱϬ






ϭϬϮϴ ϭϭϳϬ ϴϰϯ ϲϵϳ ϲϯϴ ϱϱϴ ϱϭϳ
ϱϬ
  
ϮϭϬϰ ϭϳϯϭ ϭϯϭϭ ϭϭϰϯ ϭϬϲϱ ϵϯϱ ϴϳϮ
>ĞĂĚ
;ђŐͬ>Ϳ
ϭϬ  ϳϯϬ ϱϴϵ ϯϮϬ ϯϬϰ Ϯϰϱ ϮϬϮ ϭϭϰ ϱϵ ϲϭ
ϱϬ  ϯϰϴϭ Ϯϲϲϰ ϭϬϰϯ ϴϬϭ ϴϯϵ ϰϳϳ ϯϯϰ Ϯϱϴ ϮϮϳ

&ŝŐƵƌĞϭ͗ĐƚŝǀĞďĞŚĂǀŝŽƵƌŽĨKƌĐŚŽŵĞŶĞůůĂƉŝŶ
;ƌƌŽƌďĂƌƐƐŚŽǁŶĂƌĞцϭ^Ϳ͘

ŐƵŝĚĞƐĞǆƉŽƐĞĚƚŽĂͿĐŽƉƉĞƌ͕ďͿĐĂĚŵŝƵŵ͕ĐͿǌŝŶĐĂŶĚĚͿůĞĂĚ

Ϯϯ
ϳ

;ђŐͬ>ͿŽǀĞƌϯϬĚŝŶďŝŽĂƐƐĂǇϭ͘

&ŝŐƵƌĞϮ͗ĐƚŝǀĞďĞŚĂǀŝŽƵƌŽĨKƌĐŚŽŵĞŶĞůůĂƉŝŶ
;ƌƌŽƌďĂƌƐƐŚŽǁŶĂƌĞцϭ^Ϳ͘

ŐƵŝĚĞƐĞǆƉŽƐĞĚƚŽĂͿĐŽƉƉĞƌ͕ďͿĐĂĚŵŝƵŵ͕ĐͿǌŝŶĐĂŶĚĚͿůĞĂĚ

Ϯϯ
ϴ

;ђŐͬ>ͿŽǀĞƌϯϬĚŝŶďŝŽĂƐƐĂǇϮ͘
 
Ϯϯϵ


ĂƵďǇW͕^ĐĂŝůƚĞƵƌz͕ŚĂƉĞůůĞ'͕ĞƌŽǇĞƌ;ϮϬϬϭͿWŽƚĞŶƚŝĂůŝŵƉĂĐƚ
ŽĨƚŚĞŵĂŝŶďĞŶƚŚŝĐĂŵƉŚŝƉŽĚƐŽŶƚŚĞĞĂƐƚĞƌŶtĞĚĚĞůů^ĞĂ
ƐŚĞůĨĞĐŽƐǇƐƚĞŵ;ŶƚĂƌĐƚŝĐĂͿ͘WŽůĂƌŝŽůŽŐǇϮϰ;ϵͿ͗ϲϱϳͲϲϲϮ͘
ĚŽŝ͗ϭϬ͘ϭϬϬϳͬƐϬϬϯϬϬϬϭϬϬϮϲϱ


